Available online at www.sciencedirect.com

"-.* ScienceDirect

JMR

Journal of
IR0 Magnetic Resonance
ELSEVIER Journal of Magnetic Resonance 182 (2006) 254-259

www.elsevier.com/locate/jmr

Lifetimes of the singlet-states under coherent off-resonance
irradiation in NMR spectroscopy

Karthik Gopalakrishnan ?, Geoffrey Bodenhausen *°*

& Laboratoire de Résonance Magnétique Biomoléculaire, Institut des Sciences et Ingénierie Chimiques, Ecole Polytechnique Fédérale de Lausanne,
BCH, CH-1015 Lausanne, Switzerland
b Département de Chimie, Associé au CNRS, Ecole Normale Supérieure, 24 rue Lhomond 75231, Paris Cedex 05, France

Received 17 May 2006; revised 3 July 2006
Available online 27 July 2006

Abstract

Singlet-states |S) = (|af) — |B))/+v/2 can be excited in pairs of coupled spins I and S, first by preparing either a non-vanishing zero-
quantum coherence " S~ or a state of longitudinal two-spin order .S, and then by applying a coherent radio-frequency (RF) irradiation
with a carrier frequency w.s = (2; + Q4)/2 that lies half-way between the chemical shifts of the two spins involved. The life-times T's can
be much longer than the spin-lattice relaxation time 7 of longitudinal magnetization, but singlet-states are ultimately relaxed, not only
by dipolar interactions between the active spins or with the external spins, but also as a result of a non-vanishing offset
Aw = w — (27 + Q4)/2 or an insufficient amplitude of the RF irradiation that fails to fulfill the condition w; > AQ = (2; — Qy). In this
work, the effect of off-resonance irradiation is explored and an approximate formula for the effective relaxation rate of the singlet pop-
ulation is provided on the basis of perturbation theory. The qualitative features of the dependence of the relaxation rate of the singlet
population on the offset Aw and on the difference AQ of the chemical shifts of the two spins are illustrated by comparison with numerical

simulations.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

It has been shown by Levitt and co-workers [1-3] that
singlet-states can be prepared in homonuclear two-spins
systems so as to have lifetimes 7's that can be much longer
than the longitudinal relaxation time 79 of the spins
involved. Many experiments that rely on the “memory”
of the populations of eigen-states of spin systems, such as
methods that have been designed to measure slow diffusion
[4] or slow chemical exchange [5], were hitherto believed to
be limited by the longitudinal relaxation time 7;. Such
experiments can now be extended to much longer time-
scales in as far as suitable singlet-states with T's> T can
be excited. The lifetimes T of singlet-states can be very
long provided their populations are isolated from other
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states, i.e., provided both coherent and stochastic Hamilto-
nians that give rise to relaxation are symmetric with respect
to a permutation of the two spins. The dipolar interaction
between the two spins involved necessarily possesses this
symmetry and will therefore leave the population of the
singlet-state unaffected. By contrast, the difference in the
chemical shift anisotropies (CSAs) as well as dipolar cou-
plings to external spins, do not possess this symmetry.
There are always bound to be some leakage terms due to
stochastically fluctuating Hamiltonians that are not under
the control of the experimenter. Another source of leakage
stems from the coherent parts of the Hamiltonian. These
can, at least in principle, be controlled by applying suitable
RF pulses. In the original experiments [2,4], a continuous-
wave RF irradiation with the carrier positioned exactly
half-way between the isotropic chemical shifts of the two
spins 7 and S, i.e., at ws = (Q; + Qg)/2, allows one to effec-
tively suppress the shifts, thereby making the effective
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Hamiltonian symmetric with respect to permutation. As
with many other average Hamiltonian strategies, the stron-
ger the RF field (i.e., the better the inequality
w1 > AQ = (Q; — Q) is fulfilled), the better is the suppres-
sion of the effects of the chemical shifts. The ratio AQ/w; of
the magnitude of the chemical shift difference and the RF
amplitude is an important parameter that affects the singlet
lifetime. The offset Aw = w,r — (Q;+ Q5)/2 of the carrier
from the mean of the chemical shifts of the two spins is
another source of leakage of the population of the sin-
glet-state. The ratio |Aw|/w; of this offset and the RF
amplitude is therefore another important parameter that
determines the singlet lifetime. In the following, a simple
theory is presented of the lifetime Ts of the population of
a singlet-state in an isolated spin pair irradiated by a con-
tinuous RF field and relaxed only by the dipolar interac-
tion between the two active spins. The Liouvillian of this
system can be represented by a matrix of dimension
16 x 16. If one invokes a secular approximation with
respect to the RF Hamiltonian, this matrix is block-diago-
nal. The population of the singlet-state is therefore only
connected to a few other terms, thus allowing one to
describe the dynamics by an effective Liouvillian of reduced
dimensions which provides a qualitative understanding of
the dependence of the lifetime of the singlet-state on the
ratios |[Aw|/w; and AQ/w,, i.e., on the offset Aw and on
the difference AQ of the isotropic shifts. Numerical simula-
tions of relaxation in a two-spin system with a dipolar
interaction between the active spins supplements the
theory.

1.1. The Liouvillian

In the usual rotating frame, the Hamiltonian of a two-
spin system irradiated by a continuous RF field is given by

H=w(Z:+S8:) +Ao(Z.+8.) + 2T - S+IAQ(Z. - S.),
(1)

where w, is the RF amplitude, Aw = ws — (Q;+ Qg)/2 is
the offset of the carrier w,r from the center of the spectrum
(2;+ Qg)/2 and AQ = Q; — Qg is the difference of the iso-
tropic shifts assumed to be positive without loss of general-
ity. While the first three terms in Eq. (1) are invariant with
respect to a permutation of the two spins, the last term is
anti-symmetric. As we shall see, this leads to leakage of
the population of the singlet-state to the triplet states.
When Aw/w; = 0 and AQ/w; < 1, the fourth term propor-
tional to the shift-difference AQ is rendered ineffective since
it does not commute with the leading RF term proportion-
al to w; that dominates the Hamiltonian. However, when
the offset |Aw|/w; >0, a part of the term proportional to
AQ remains secular with respect to the dominant terms in
Eq. (1). This may be appreciated by rewriting the Hamilto-
nian of Eq. (1) in a basis where the symmetric part of the
Hamiltonian that is invariant to permutation appears
diagonal.

H=wu(Z.+S.)+20JT - S+ AQ[(Z. — S.)cos f
—(Z,—8,)sinf], (2)

where the effective frequency w.gand the angle ff are given by

Weff =1/ (601)2 + Aw?,

tan f =, /Aw. (3)

If we treat the latter two anti-symmetric terms of the Ham-
iltonian in Eq. (2) as a perturbation, it is evident that the
third term, which is proportional to cos ff, commutes with
the leading symmetric term, and is therefore secular in
the eigenbase of this symmetric term. The term (Z, — S;)
sin f§ is non-secular and will affect the dynamics very weak-
ly provided AQ/w.g < 1. It will hence be neglected in what
follows. In passing, we note that the singlet population re-
tains its identity under the transformation from Egs. (2) to
(3). while all other observables are affected by this transfor-
mation. The Hamiltonian of Eq. (2) can be represented in
the basis |T71) = |ox), |To) = n(|af) +|Bo)), |T-1) =1BB).
and |S) = n(|af) — |Pe)), where n is a normalization con-
stant equal to 2712,

H =werr(|T (T 1| = [T (T 1) + 7 (ITo)(To| — [S)(S])
+ AQcos B(|To) (S| + |S)(To|) — nJE 0 g, (4)

where E o ¢ is the identity operator in the manifold spanned
by |To) and |S), i.e., Eqog = |To)(To| + |S)(S|. We observe
that the Hamiltonian in Eq. (4) is the sum of two sub-Ham-
iltonians pertaining to the sub-spaces spanned by the oper-
ators (|741), |T—1)) and (|Ty), |S)). As far as the coherent
part of the dynamics is concerned, the two sub-spaces are
independent of each other. The sub-space of interest is
the one containing the singlet population. The Hamiltoni-
an in this sub-space can be written using four fictitious
spin-half operators defined by,

Eqos =|To)(Tol +1S){S|

£ =5 (To){Tol ~ [)(S)
£ =5 (7o) (8] + IS)(Tul)
1
£, =5 (ITo)(s] ~ 19)(To]). 5
as follows:
Hrs =21 L, + 2AQcos fL,. (6)

The evolution of the density operator under the Hamiltoni-
an of Eq. (6) is governed by the following equation of mo-
tion for the three operators defined by Eq. (5).

d L. 0 2AQcos f 0 L.
T L, | =] —2AQcosp 0 —2nJ L,
L, 0 2nJ 0 L,

(7)

The operator £, in Eq. (7) corresponds to the difference be-
tween the populations of the |Ty) component of the triplet
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manifold and the singlet-state. This is none other than the
symmetric part of the zero-quantum coherence. Therefore,
in so far as the coherent part of the dynamics is concerned,
moving the carrier away from the center of the spectrum
(Aw # 0) re-introduces the shift difference which is secular
with respect to the leading dominant term of the Hamilto-
nian proportional to w.g in Eq. (2).

1.2. Relaxation

The relaxation rates can be calculated in the framework
of Redfield theory [6,7]. The homonuclear dipolar interac-
tion IS between the two spins I/ and S that are actively
involved in the singlet-state is assumed to be the only
source of relaxation in this analysis. The stochastic Hamil-
tonian that leads to relaxation can be written as a scalar
product of the second rank spherical tensors corresponding
to the spatial and spin parts as follows [7]:

His(t) = op > A, (0F . ®)

where 4,(1) is the spatial part of the interaction that is ran-
domly time-dependent due to molecular reorientation, F_,
are the components of the rank-2 spherical tensor formed
by the product of the two spin operators and wp is the
strength of the dipolar interaction. In calculating, the relax-
ation terms in the Liouvillian, an additional assumption is
made in addition to the usual approximations of Redfield
theory. If 1. is the correlation time of the random process
(usually due to rotational diffusion), and if w; is the ampli-
tude of the RF field, we shall assume that w7, < 1. In other
words, the random motion is assumed to obey the extreme
narrowing condition with respect to the RF field amplitude
wy, which is typically four to five orders of magnitude smaller
than the Larmor frequency wy that is used to define the usual
extreme narrowing condition wyt. < 1. As a result of this
assumption, the relaxation terms in the Liouvillian appear
to be independent of the RF field amplitude w;, and are thus
identical to the case where w; =0 [8]. We may recall that
essentially the same assumption is made in writing the Bloch
equations in the presence of an RF field [8-11].

Owing to the scalar form of the stochastic Hamiltonian
of Eq. (8), the Redfield relaxation matrix is block diagonal
in the eigenbasis of the Zeeman super-Hamiltonian. The
observables of the (|S), |Tp)°) manifold are therefore only
connected to the populations of the |7'+;)” and |T_;)” states.
The superscripts z on the kets indicate that these terms are
quantized along the z direction in contrast to the basis of
Eq. (4), which corresponds to the tilted frame of reference
introduced in Eq. (2), where the block diagonal nature of
the Redfield matrix would be lost. We make a second
approximation now by neglecting all terms in the relaxa-
tion matrix that are non-secular with respect to the effective
field in Eq. (2). This approximation is valid as long as
werr > wh1. which is readiliy fulfilled in practice. When
solving the Bloch equations in the presence of a continuous
RF field, this is referred to as the “condition of satura-

tion”. This approximation allows us to neglect all terms
in the relaxation matrix that connect operators that nutate
at different rates, resulting in a block diagonal form for the
total Liouvillian matrix. The block containing the singlet
population is

IS}
L,
d L,
dr | |To)(To|
|T 1) (T 4]
|T-1)(T1]
0 —AQcosf 0 0 0 0
AQcos f§ —R, —2nJ —AQcosffi 0 0
0 2nJ —R, 0 0 0
- 0 AQcosff 0 —Roo  Ros1 Ro-
0 0 0 Roy1 Ruay Ry
0 0 0 Ro_1 Ry R
1SS
Ey
L,
X
|To)(Tol
[T (Tl
[T (T

)
It is clear that the singlet-state is isolated from all other spin
orders either if AQ = 0 (where it would not be possible to ex-
cite any singlet-state) or if the RF carrier is positioned exactly
half-way between the two chemical shifts (Aw = 0, hence
cos f§ = 0). It should however be borne in mind that for the
present treatment to be valid, the RF needs to be strong en-
ough to satisfy AQ/w; <1 since, the non-secular term
AQ(Z, — S,)sin f in Eq. (3) could not be neglected other-
wise. It should also be emphasized that despite the secular
approximation involved in simplifying the Redfield relaxa-
tion matrix in the tilted frame, off-diagonal terms may occur
in the relaxation matrix that connect the coherences £, and
L, to the populations £. in Eq. (9) since, all of these operators
commute with the dominant part of the Hamiltonian,
wer(Z, + S.) of Eq. (2). The symmetry of the dipolar interac-
tion under a permutation of the two spins however ensures
that off-diagonal terms connecting operators of different
symmetry must vanish. The form of the Liouvillian matrix
in Eq. (9) is hence rigorously correct. The frequencies and
the relaxation rates can be obtained by diagonalization.

In the presence of an offset, the evolution of the singlet
population must be described by an oscillating function with
a multi-exponential envelope since it is no longer an eigen-
mode of the Liouvillian. An estimate of the lifetime 7's of
the longest-lived eigenvector of the Liouvillian matrix of
Eq. (9) can be obtained by examining the smallest eigenvalue.
Treating AQcos ff as a perturbation, the second-order correc-
tion to the relevant eigenvalue of the Liouvillian is
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1 1 1
1 A A02and
A = 4AQ cos ﬁ<R2+2n' +R2—27t' > (10)

This correction is purely real and results in a corrected
relaxation rate of the singlet population given by,

1 R,
Ry ~— A.Qz COS2 e e
) b (Rg + 4n2J2)

1 A(l)2 R2
=—AQ?
700 <Aco2 + w%) (R% + 41't2J2>7 (1)

where the angle f§ has been defined in Eq. (3). Eq. (11) pre-
dicts that, for a given RF amplitude w,, the relaxation rate
of the singlet-state population depends on the difference of
the chemical shifts AQ = Q; — Qg in a quadratic fashion
characteristic of second-order perturbation theory. When
the RF carrier is positioned in the center of the spectrum
(Aw = 0), the singlet population is completely isolated. On
the other hand, when |Aw|/w; > 1, the rate Rg attains a lim-
iting value,

1 R,
Ry = - AQ* (| ———— ). 12
572 <R§ + 4n2J2) (12)
Eq. (11) can be re-written in terms of reduced quantities,
P =AQ/(2nJ) and Q = Aw/w,;

1 % Ry
R m—P2< ) . 13
2 g (&) -

2. Simulations

The evolution of the singlet-state population in the pres-
ence of a continuous RF field and dipolar relaxation were
simulated numerically, assuming (w7, < 1). Fig. 1 shows

Singlet Population

041 1

0'20 2 4 6 8 10 12 14 16 18 20

Time/s

Fig. 1. Simulations of the time-dependence of the singlet population with
AQ/2n =75 Hz, w;/2n = 1100 Hz, J/2rn = 12 Hz at Aw/2n = 0 Hz (solid
line), 50 Hz (dashed curve), and 100 Hz (dotted curve). Relaxation was
introduced with the parameters, wp/2n =30kHz, 7.=0.1ns, and wy/
21 =400 MHz.

the evolution of the singlet population Pg= Tr(a(z)|S)S])
as a function of the offset Aw, starting from an initial den-
sity operator comprising only a non-vanishing population
of the singlet state, |S)S|. The parameters used in the sim-
ulations (given in the figure caption) are typical of systems
of pairs of protons.

The population Pg of the singlet-state is seen to have
shorter lifetimes with increasing offsets. The decay of the
singlet-state on resonance for Aw =0 (solid curve of
Fig. 1) is due to the non-secular part of the Hamiltonian
AQ(Z, — S,)sin § in Eq. (2) which was neglected in deriv-
ing Eq. (11). The dependence of the singlet relaxation rate
on both the shift difference AQ and the offset Aw is shown
in Fig. 2. The singlet population P was calculated for pairs
of values of these parameters at a time = 10 s and the cor-
responding relaxation rate Rg=1/Tg was calculated
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Fig. 2. Dependence of the singlet relaxation rate on the shift difference AQ
and the offset Aw. The rest of the parameters are identical to those in
Fig. 1.
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Fig. 3. Dependence of the singlet relaxation rate on the shift difference AQ
at offsets Aw =0 (zero) Hz (open circles), 150 Hz (dashed curve), and
300 Hz (solid curve).
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Fig. 4. Dependence of the singlet relaxation rate on the offset Aw at shift
differences AQ =0 Hz (open circles), 80 Hz (dashed curve), and 100 Hz
(solid curve).

assuming a single exponential decay exp(—t/Ts). Fig. 3
shows the dependence of the relaxation rate Rg=1/Ty
on the shift difference AQ for values of the offset Aw =0,
150, and 300 Hz. The quadratic dependence on AQ is
clearly seen with the width increasing with Aw. The curve
with Aw = 0 corresponds to a relaxation rate that arises,
again from the non-secular term which was neglected in
Eq. (2).

In the same spirit, Fig. 4 shows the dependence of
Rg=1/Tg on the offset Aw for the values of the shift differ-
ence AQ =0, 80, and 100 Hz. The quadratic nature of the
dependence is seen. When AQ = 0, a change of offset does

o

AQ/21t
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025 02 015 01 0.05 0
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not affect the rate Rg=1/Ts. This shows clearly that the
shift difference AQ is the principal cause of relaxation of
the singlet population Pg. In its absence, all other manipu-
lations of the Hamiltonian will leave Pg undisturbed.

For given values of P and Q, Eq. (11) can predict the
relaxation rate of the singlet state provided the rate R, is
known. When R, is unknown, Eq. (11) can still be used
to describe the singlet relaxation rate up to a multiplica-
tive constant. The tolerance of the singlet relaxation rate
to the parameters P and Q can however be predicted
even without the knowledge of R,. Fig. 5 illustrates this
by comparing the normalized singlet relaxation rate pre-
dicted by Eq. (11) with simulations. The agreement is
very satisfactory. Normalization was performed in both
cases with respect to the fastest singlet relaxation rate.
In all simulations, the dependence of Rg on P and QO
is oscillatory for large values of P and Q. This is antic-
ipated because the eigenvalues of the Liouvillian in Eq.
(9) are complex.

3. Conclusions

The relaxation rates of populations of singlet-states in
homonuclear spin pairs in the presence of continuous RF
fields can be expressed by simple approximations.
Although the present treatment does not include relaxation
mechanisms other than the dipolar interaction between the
actively involved spins, it can account for the dependence
of the relaxation rate on the parameters P = AQ/(2nJ)
and O = Aw/w; in a qualitative manner. These consider-
ations are of prime importance for ongoing efforts to
increase the lifetime of the singlet-state populations in view
of studying slow dynamical processes.

005 01 015 02 0.25

005 01 015 02 0.25

Fig. 5. The dependence of the singlet relaxation rate on the parameters P and Q, (a) simulation and (b) as predicted from Eq. (13).
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